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Abstract 
Blokhuis, A. and T. SzBnyi, Note on the structure of semiovals in finite projective planes, 
Discrete Mathematics 106/107 (1992) 61-6.5. 
We restrict the possible parameter sets for regular semiovals, and we prove that for regular 
semiovals in a Desarguesian plane the tangents at collinear points are concurrent. 
Let n be a projective plane of order q. A set of points S in n is called a 
semioval if for every point P of S there is a unique line of nintersecting S exactly 
in the point P. This line is called the tangent of S at P and will be denoted by rp. 
More generally, in [3] Buekenhout defines a semiovoid in PG(n, q), as a set S of 
points containing no line, and such that the tangents at each point fill up a 
hyperplane. If, in addition, we require that no line intersects the set S in more 
than two points, the concepts semioval and semiovoid reduce to the classical 
notions of oval and ovoid respectively. In [6] Thas characterized the semiovoids 
for 12 2 3. 
Theorem 1. (1) No semiovoids exist in PG(n, q) for n 2 4. 
(2) A semiovoid in PG(3, q) is an ovoid. 
(3) The size k of a semioval in a projective plane of order q satisfies: 
q+l<kkqfi+l. 
If in addition we have the property that all nontangents intersect S in either 0 
or a constant number a of points we say that S is regular (cf. [4]). We call a the 
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character of the semioval. Note that it follows from Theorem l(3) that 
a < fi + 1. Examples of semiovals are: ovals (regular with a = 2) and unitals 
(regular with a = $ + 1). These are the only known examples of regular 
semiovals in Desarguesian planes. Ganley [5] gives an example of a translation 
plane with a polarity having q5’4 + 1 absolute points, providing an example of a 
regular semioval that is not an oval or a unital. If one deletes a bunch of points 
from a regular semioval with character >2, making certain that no new tangents 
are introduced, the resulting set will still be a semioval, but no longer regular in 
general. In this note we shall confine ourselves to regular semiovals, and 
concentrate on the Desarguesian plane. 
Theorem 2. Let S be a regular semiovul in a projective plane of order q. Then S is 
an oval (i.e., a = 2) or for the character a of S we have 
alq-1, 
and the points not on S are on 0 or on a tangents. 
Proof. Let P be a point in S. The q lines through P different from tp all contain 
a - 1 further points of S hence the total number of points in S equals 
1 + q(a - 1). Next let P be a point not in S. Lines through P intersect S in 0, 1, or 
a points, and together they cover the 1 + q(a - 1) = qu + (l-q) points of S. 
Hence for the number t, of tangents passing through P we have tp = 1 -q 
(mod a). Counting points P not in S, pairs (P, t), P C$ S, r a tangent through P, 
and triples (P, zl, t2) we obtain: 
& I= q2 + q + I- (1+ q@ - l>>, 
zs tP = 4(1+ 4@ - 111, 
gs fP(b - 1) = (1+ da - l)>s@ - 1). 
Next let A = 1 - q + ma with 0 s A <a (this defines A and m). Since every point 
P $ S is on A (mod a) tangents we have 
& (tp - A)(t, - R - a) 2 0. 
We get, putting h = 1 - q + ma and dividing by q: 
OsiT(lp-l+q-mu)(lp-I+q-ma-a) 
=u(qu+1-q)-(2ma+2-2q+u)(qu+1-q) 
+(q+2-u)(ma-q+l)(mu-q+l+u) 
= -(am + 1 - q)(q’+ q(-am - 1) + u(u(m + 1) - 2m - 1)) 
= -k(q(a - (A + 2)) + u2 + a(A. - 2) - 2(A - 1)). 
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First consider the case k = 0. We then have 
zs (tp - A)(tp - A - a) = 0. 
From which we get that every point P $ S is on 0 or a tangents (and in particular 
1 - q = 0 (mod a) so a 1 q - 1). Next suppose h # 0. Then we must have 
q(a - (A + 2)) + a* + u(n - 2) - 2(A - 1) s 0. (I) 
Now note that A. < a d 6 + 1 and ;1= 1 - q (mod a). Suppose first that a = A. + 1. 
From A = 1 - q (mod a) it then follows that q = 2 (mod a). For the number N of 
u-secants we get, counting incident pairs (u-secant, point in S) in two ways (cf. 
de Finis [4]): 
UN = q((u - 1)q + 1). 
It follows that a 1 q(q - 1). If q = 2 (mod u) this implies a = 2, and S is an oval. 
Next we suppose that a >L +2. Now (1) implies u2+u(h - 2) -2(h - 1) ~0 
which is clearly impossible. q 
In [4] de Finis shows that if S is a regular semioval with u 1 q - 1, then the 
tangents at S form a dual (regular) semioval. Note that this is a consequence of 
the theorem above. 
For the proof of the next theorem we need the following lemma, which 
generalizes (but is basically the same as) Theorem 1 in [2]. 
Lemma 3. Let S be a set of points in the Desarguesian plane AG(2, q), q =pe, p 
prime. Suppose that every line intersects S in 1 (mod p) points, or is completely 
disjoint from S. Then IS( =G q - 1. 
Proof. Identify AG(2, q) with GF(q2) in a suitable way and consider the 
polynomial 
f(x) = s; (x -SC 
Suppose S is not empty. Consider the lines through some fixed s E S. Besides s 
they contain a number of points from the set S that is divisible by p, so adding all 
up we get that ISI = 1 (modp). It follows that f(x) is not identically zero, for the 
coefficient of x4-’ equals one. Note that for x E GF(q2) the value of (X - s)q-i 
depends only on the direction of the line joining x and s. If x E S every direction 
will occur a p-fold number of times, so the points of S are all zeroes of f(x). It 
follows that 1st s q - 1. •! 
Theorem 4. Let S be u regular semiovul in the Desurguesiun projective plane of 
order q, Then S is a unital, or for the character a of S we have 
(u - 1, q) = 1. 
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Proof. Let q = pe, p prime. If (a - 1, q) f 1 then p 1 a - 1. Hence our set S has 
the property that every line intersects either in 0 or in 1 (modp) points. If 0 does 
not occur, then a + (q + 1 - a)a = 1 + (a - 1)q and we have a unital. If 0 does 
occur, we may delete from the plane 1? a line 1 missing the set S. Now S 
considered as a subset of the resulting affine plane, n\l satisfies the conditions in 
Lemma 3 and we conclude ISI 6 q - 1, so Q < 2, contradiction. q 
Theorem 5. Let S be a regular semioval in the Desarguesian projective plane of 
order q. Then S is a unital, or the tangents at collinear points of S are concurrent. 
Proof. Suppose S is not a unital, then by Theorem 2 we have (a - 1, q) = 1. The 
following argument is essentially copied from [ 11. 
Let 1 be a line containing three collinear points U, V and W of S. Recall that zU 
denotes the tangent at U. We can, and shall, fix coordinates in such a way that 
(1) w=II+v; 
(2) uV = 1 for each line u through U other than 1; 
(3) VU = -1 for each line v through V other than 1. 
Here uV is shorthand for (u, V) = u1 VI + uzV2 + u3V3. As a consequence of this 
coordinatization, the line u + v passes through W. As X runs through S\l, UX 
runs through the lines through U different from 1, each one occurring precisely 
a - 1 times, except the tangent, zU. Similarly VX (resp. WX) runs through the 
lines through V (resp. W), all counted a - 1 times, except the tangent zv (resp. 
z,). We fix coordinates for tW such that zwV = -t,U = 1. Let T be an arbitrary 
point of the plane outside the line I. If p1 and p2 are two different lines through 
U, then p1 T #p,T since equality would imply that U, V and T are on the line 
pI -pz, but these points are noncollinear by the particular choice of T. Now we 
show that 
m:=(a-l)t,+ C UX=O, ifq>2. 
XES\I 
To see this, note that mU = 0, mV = (a - 1) + 1 + - - - + 1 = q(a - 1) = 0 and 
mT = 0, since this equals a - 1 times the sum of all elements of GF(q) and q > 2. 
Since U, V and T are independent, m = 0. In the same way we find 
(a - l)tV + z VX = 0 and (a - l)t, + x WX = 0. 
XES\I XES\I 
However, since WX = UX + VX for all X E S\l, it follows that tw = tU + t,,; the 
tangents at U, V and W are concurrent. q 
As a consequence of Theorem 5, we have that with every u-secant there is 
associated a point, viz. the point of intersection of the tangents at the points of 
this u-secant. To every tangent there is also associated a point, namely the point 
on the semioval. The obvious next step would be to show that this correspon- 
dence can be extended to a polarity of the plane 17, which then would imply that 
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the only regular semiovals in the Desarguesian plane are the ovals and the 
unitals. We conjecture that this is indeed the case, but unfortunately we were not 
able to prove this. 
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